Abstract. We use a simple geometric-combinatorial argument to establish a quantitative relation between the generalized Hausdorff measure of a set and its distance set, extending a result originally due to Falconer.
The proof of (1) involves techniques from harmonic analysis, more specifically, Bessel function estimates of the Fourier transform of radial functions and decay estimates for the L 2 circular means of the Fourier transform of a measure with finite energy. In this note we use a purely geometric argument to study the relation between a set and its distance set in terms of generalized Hausdorff measures. As a corollary, we obtain a sharpening of (1) in the case of sets of positive s-dimensional Hausdorff measure with s < 1.
Before proceeding with the statement of our result we make some definitions.
B(x, r)
is the open disc of radius r centered at x. Q(x, r) is the square of the form [a, b) × [a, b) with center at x and diameter r.
For a finite set F , card(F ) denotes its cardinality. The generalized Hausdorff outer measure Λ h with respect to a measure function h is defined for A ⊂ R 2 by
When h(r) = r s , Λ h is the usual Hausdorff outer measure denoted by H s . Our result is as follows.
Theorem. Let C be a bounded Suslin subset of R
2 and let h be a measure function. Suppose that Λ h (C) > 0 and let
Then Λ ψ (D(C)) > 0 whenever ψ makes sense as a measure function.
Proof. By Frostman's Lemma (see Carleson [1] ), there exists a measure µ supported in C such that µ(B(x, r)) ≤ h(r) ∀x ∈ spt(µ). Let a, b ∈ C be two points of density with respect to µ. Choose R > 0 such that 10R < |a − b| and let D(A, B) . Without loss of generality, we may assume that
Fix k and let {Q(x i , k )} i∈I , {Q(y j , k )} j∈J be disjoint coverings of A and B respectively. Put (y j , k ) ) and define the following sets of indices:
Then, letting
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we have
Using geometry we can show that the area of this intersection is at most
Note that {x i } i∈I and {y j } j∈J are k -separated sets of points in the plane. Therefore, we conclude that
Hence, by (2) µ(A) Note that since an α-dimensional set may have zero H α -measure, our corollary extends (1) in the indicated range of dimensions.
